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Abstract 

A value given by a simple mathematical expression is proposed which is close to the fine structure 
constant given by 1998 COD ATA recommended values of the fundamental physical constants up to 
relative accuracy IQ-''. This expression relates closely with the value of the overshoot of the Gibbs 
phenomenon in Fourier analysis. 

1 Introduction 

The fine structure constant a is the most important dimensionless universal physical constant. Since it 
is dimensionless and universal, it is very interesting to know vi^hetlier it can be expressed by a simple 
expression of universal mathematical constants. This may help understanding the nature. 
As is known, the definition of fine structure constant a is 

_i 2ceah 2h 
a = — — = (1) 

where c is the speed of light in vacuum, and eq — are the permeabihty and permittivity of 

vacuum respectively, e is the elementary charge and h is the Planck constant. 
Here we propose 

a;i = _L(^^j j^" ^ da: « 137.03598260. (2) 
This value coincides with the value 

= 137.03599976 ± 0.00000050 (3) 

given by the 1998 CODATA recommended values of the fundamental physical constants Q up to relative 
accuracy 1.26 x 10~^. 

In the expression (p|), the integral Si(7r) = / dec is related to a universal mathematical con- 

. "'o. ^ . 

stant — the overshoot of the Gibbs phenomenon in Fourier analysis, which is the same to all the jump 

discontinuities of all piecewisely smooth functions. The expression ckJ^/Si(7r) = (37r/2)^/\/2 is so simple 

that it seems that there may be physical essence behind the relation az ~ a, although it is not known 

presently. 

In the next section, the universality of the constant Si(7r) in Fourier analysis is reviewed briefly. Then, 
the value is compared with the values of a given by experiments and physical theories, which were 
used to determine a for the 1998 CODATA recommended values of the fundamental physical constants. 
At last, some discussions are presented. 



2 A brief review of the Gibbs phenomenon 

The Gibbs phenomenon is a universal phenomenon at all the jump discontinuities for Fourier series or 
Fourier transformations. First, let us look at a simple example. Let f{x) be a square wave of period 27r 
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Figure 1: Partial sum s„ of the square wave for n=200 



with f{x) 1 for < X < TT and f{x) = — 1 for — tt < a; < 0. Let Sn be the partial sum of its Fourier 
series, i.e. 

, , 4 ^ siii(2fc - l)x 

k=l 

Then when n ^ oo, there are overshoots and undershoots in the graph of s„ (Fig. 1). 

The limit of the amplitude of s„ near as n — > cx) is 2CJ^, which is times the jump of f{x) at 0. 
Here 

2 2 s'mx 
C„ = -Si(7r) = - / dx « 1.17897974447217. (5) 

^ n ' ' TT Jq X 

This is the famous Gibbs phenomenon ||, ^, which was discovered more than a century ago. 

The Gibbs phenomenon appears not only in the square wave, but also at all jump discontinuities 
generally. For the Fourier series of any piecewisely smooth period function /(x), the limit of the amplitude 
of the partial sum at a jump discontinuity xq of f{x) equals to times the jump of f{x) at that point. 
That is, for the partial sum s„(x), 

lim lim osc Sn{x) = C„ lim osc lim s„(x) (6) 

5_,0+ n-^oo |a;-a;o|<i5 ^ (5^0+ |2;-a:o | <i5 n^oo 

where osc refers to the difference of the maximum and the minimum of a function. This fact is also 
true for the Fourier transformation of a non-periodic function, if the function is absolutely integrable and 
piecewisely smooth Q. In all cases, the constant is the same. 



3 Comparison with experimental values 

In Fig. 2, given by (||) was compared with the values of a^^ given by the experimental data together 
with various physical theories. Each line segment in the figure represents a datum in Table XV of j|] . That 
table was used to determine the value a for the 1998 GODATA recommended values of the fundamental 
physical constants. For each value x with uncertainty cr, the line segment extends from x — ct to x + cr 
in Fig. 2. The identifications to the right of the line segments are the same as those in Table XV of |l|. 
The vertical line marked represents the value given by (H) and that marked represents the value 
given by the 1998 CODATA recommended values of the fundamental physical constants. 



4 Discussions 

There are other theoretical values of a, such as those given by the string theory |^. For example, the 
simplest expression is a^^ = 0^^°^"^ — 137.7880938 where = {sfE — l)/2 is the golden mean. More 
accurate values with accuracy 3 x 10~^ were also given by a complicated expansion Q]. Although the 
expression in this paper is simply an observation, it is much simpler than the other theoretical results 
with similar accuracy. 
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Figure 2: Comparison of ^ given by (0) with the experimental values which were used to determine 



There is a small possibility that aj^ « a^^ is simply an accidental coincidence. Actually it is not 
difficult to construct complicated relations of 2, 3, tt etc. to approximate because any real number can 
be approximated by a rational number to any accuracy. For example, 2~i^/^3^^^/^^7r~^/^^ = 137.0360046. 
(There is also a number 219/43-7/451/4^11/4 ^ 137.036O82 given by Wyler ^) However, the probability 
is very small to get accidentally a simple relation hke aJ^/Si^ir) = (37r/2)^/v2 in this paper. The internal 
relation between and the fine structure constant is to be revealed. 

References 

[f] p. J. Mohr and B. N. Taylor, Rev. Mod. Phys. 72 (2000) 351 ; J. Phys. & Chem. Ref. Data 28 (1999) 
1713. 

[2] E. Hewitt and R. E. Hewitt, Arch. Hist. Exact Sci. 21 (1979) 129. 

[3] T. W. Korner, Fourier analysis (Cambridge University Press, Cambridge, 1988). 

[4] J. S. Walker, Fourier analysis (Oxford University Press, Oxford, 1988). 

[5] D. C. Champeney, A handbook of Fourier theorems (Cambridge University Press, Cambridge, 1987). 
[6] M. S. El Naschie, Chaos, Sohtons and Fractals 10 (1999) 1947. 
[7] M. S. El Naschie, Chaos, Sohtons and Fractals 12 (2001) 801. 



3 



